In this paper, we use a result of Dahmani to show that the Euler class of some power subgroup (the subgroup normally generated by a fixed power of Dehn twist about a non-separating curve) is trivial inside the mapping class group of once punctured surface.
Let S = S b g,p be a surface of genus g with p marked points and b boundary components. We omit p or b whenever it is 0. Let Mod(S b g,p ) be the mapping class group of S b g,p ; i.e., the group of connected components of homeomorphism groups of S b g,p fixing p marked points as a set and b boundary components pointwise.
Let P (S)(n) be the normal closure of T n d in Mod(S) for a non-separating curve d on S. For Mod(S g,1 ), there is an Euler class E ∈ H 2 (Mod(S g,1 ); Z), which is the pullback of the Euler class in H 2 (Homeo + (S 1 ); Z) coming from the well-known action of Mod(S g,1 ) → Homeo + (S 1 ) constructed by Nielsen.
In this paper, we show the following.
Theorem 1 (The vanishing of the Euler class). For g > 1, there exists N 0 , such that for any multiple N of N 0 , we have that the Euler class vanishes in the P (S g,1 )(N).
Proof. As discussed in [FM12, Chapter 5.5], the Euler class of Homeo + (S 1 ) is the Euler class of the following central extension
where Homeo + (S 1 ) consists of lifts of Homeo + (S 1 ) through the universal cover R → S 1 . The Euler class serves as an obstruction for the non-splitting of (1).
To show that the Euler class in P (S g,1 )(N) vanishes, we only need to show that the embedding φ : P (S g,1 )(N) → Mod(S g,1 ) → Homeo + (S 1 ) has a lift to Homeo + (S 1 ).
We now construct the lift explicitly by Dahmani's result. The rotation number of f ∈ Homeo + (S 1 ) is defined as the limit of f n (x) n as n → ∞ for any x ∈ R. It does not depend on the choice of x and for g ∈ Homeo + (S 1 ), the rotation number is defined as the modulo 1 of the rotation number of any lift of g in Homeo + (S 1 ). We claim that the image φ(T n d ) ∈ Homeo + (S 1 ) has zero rotation number mod 1. The reason is that φ(T n d ) is obtained as the restriction to the boundary of H 2 of the lift of T n d to the universal cover π : H 2 → S g fixing a point. We know that the lift of T n d to the universal cover is identity on one component C of the preimage of S g − d under π. This means that φ(T n d ) is identity on the limit points of C, which is a cantor set. Since φ(T n d ) has a fixed point, we know that the rotation number of φ(T n d ) is zero mod 1. We choose the image ofφ(T n d ) to be the unique lift in Homeo + (S 1 ) such that the rotation number is zero. We claim that such mapφ induces a homomorphism P (S g,1 )(N) → Homeo + (S 1 ) as a lift of φ. We only need to check that relations are preserved.
W will use the result of Dahmani [Dah18] about deep relations. He proved that there exists N 0 such that for any multiple N of N 0 , the subgroup P (S g,1 )(N) of Mod(S g,1 ) has a presentation with the generating set The construction shows that φ has a liftφ, which implies that the Euler class is trivial on P (S g,1 )(N).
Corollary 2. For g > 1, there exists N 0 , such that for any multiple N of N 0 , we have that in Mod(S 1 g ), no power of the Dehn twist of the boundary curve lies in P (S 1 g )(N).
Proof. As discussed in [FM12, Chapter 5.5.6], the Euler class of Mod(S g,1 ) is the associated Euler class of the following central extension
The image of P (S 1 g )(N) under F is P (S g,1 )(N) with the same generators. The lift we construct in the proof of Theorem 1 is an inverse of F : P (S 1 g )(N) → P (S g,1 )(N), which is also a surjection. Therefore, we know that F is an isomorphism, which proves this corollary.
Theorem 1 also implies a special case of [Fun99, Corollary 1.2].
Corollary 3. For g > 1, there exists N 0 , such that for any multiple N of N 0 , we have that P (S g,1 )(N) < Mod(S g,1 ) has infinite index.
Proof. The Euler class is nontrivial rationally in H 2 (Mod(S g,1 ); Q), which means that it is nontrivial in any finite index subgroup of Mod(S g,1 ). Then Theorem 1 implies this corollary.
